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1. Introduction
With constantly improving resolution of experimental techniques, novel features in the global phase
diagram of high-Tc cuprate superconductors have emerged. One of the most striking is the observation by
scanning tunnelling microscopy (STM), in the pseudogap phase of underdoped Bi2Sr2CaCu2O8+δ [1] and
Ca2−xNaxCuO2Cl2 single crystals [2], of a form of local electronic ordering, with a spatial period close
to four lattice spacings. These observations raise important theoretical questions about the relevance of
such structures in the framework of strongly correlated models. Here, we analyze the stability of new
inhomogeneous phases [3,4,5] which can compete in certain conditions with the d-wave superconducting
RVB state [6]. Both mean-field [3] (MF) and numerical Variational Monte Carlo results [5](VMC) will be
summarized here.
2. Renormalized Mean-field Theory
We describe the doped antiferromagnet by a t−J model,
H = −t
∑
〈ij〉σ
(c†i,σcj,σ + h.c.) + J
∑
〈ij〉
Si · Sj . (1)
First, we replace the local constraints of no doubly occupied sites by statistical Gutzwiller weights (see
below) and use a mean-field decoupling in the particle-hole channel to obtain a self-consistent renormal-
ized MF hamiltonian [7],
HMF =− t
∑
〈ij〉σ
gtij(c
†
i,σcj,σ + h.c.)
−
3
4
J
∑
〈ij〉σ
gJij(χjic
†
i,σcj,σ + h.c.− |χij |
2) , (2)
where χji = 〈c
†
j,σci,σ〉 and where we explicitly assume an inhomogeneous solution and hence inhomoge-
neous Gutzwiller factors,
gJij =
4(1− xi)(1− xj)
(1− x2i )(1− x
2
j )− 8xixj |χij |
2 + 16|χij|4
, (3)
gtij = [
4xixj(1− xi)(1− xj)
(1− x2i )(1− x
2
j ) + 8(1− xixj)|χij |
2 + 16|χij |4
]
1
2 ,
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where xi, xj are the local hole densities. The |χij | terms account for the correlations of the probabilities
between nearest-neighbor sites [8] and were not included in the original MF treatment [3] of the inhomo-
geneous state. Our MF scheme applies to the ”normal” phase. In contrast, an additional decoupling in
the particle-particle channel leads to an RVB superconducting state [6].
Interestingly, the parent insulating RVB state can be viewed as a staggered flux state (SFP) [9,10,11]
MF solution of the above hamiltonian. We show here that, away from half-filling, the SFP spontaneously
acquires (small) bond modulations.
3. Results and Comparison with VMC
Assuming a 4 × 4 supercell with overall rotational symmetry (see Fig. 1), the MF equations have
been solved for an average doping of 1/8. A typical solution depicted in Fig. 1 exhibits orbital currents
according to the original SFP pattern. However, small modulations of the bond hoppings 〈c†i,σcj,σ〉 and
bond exchange terms 〈Si · Sj〉 as well as the on-site densities appear spontaneously. Numerical values of
the bond (site) parameters for t/J = 3 are given in Table 1 (Table 2). The charge-density-wave (CDW)
modulation is found to be an order of magnitude smaller than the bond-order-wave (BOW)modulations.
It was argued recently [4] that this instability is connected to nesting properties of the small ellipsoidal
Fermi pockets of the SFP.
The MF results have been tested by an exact (within statistical errors) VMC energy minimization and
evaluation of the order parameters (on a 16× 16 lattice with mixed boundary conditions, see Ref. [5] for
details). Comparative values are shown in Tables 1 & 2. Interestingly, the VMC simulation also predicts
a dominant BOW component w.r.t the CDW one. However, an overall reduction of the magnitudes of
these modulations by an approximate factor of 4 compared to MF is seen.
How such a state can compete with the d-wave RVB superconductor is still unclear. However, our
calculations [3,5] have suggested that the BOW SFP is less sensitive than the superconducting state to a
moderate (e.g. nearest-neighbor) Coulomb repulsion. In this competition, the role of the disorder and/or
the surface might be crucial.
Table 1
Numerical values of the spin-spin correlations (first 3 lines) and of the real (next 3 lines) and imaginary (last 3 lines) parts of the bond
hoppings
〈∑
σ
c†
iσ
cjσ
〉
in the BOW stagered flux state for t/J = 3 and x ≃ 1/8 (see Table 2 for exact densities). (1) from Ref. [3]; (2) with
corrections in Gutzwiller factors. Two last columns: average and relative BOW modulations (in %).
Bond # 1 2 3 4 5 6 aver. % (±)
MF (1) -0.346 -0.172 -0.313 -0.236 -0.164 -0.125 -0.220 50%
MF (2) -0.258 -0.221 -0.310 -0.194 -0.170 -0.184 -0.219 32%
VMC -0.2149 -0.2062 -0.2128 -0.1871 -0.1810 -0.1750 -0.1963 10%
MF (1) 0.055 0.057 0.119 0.106 0.092 0.073 0.083 38%
MF (2) 0.057 0.054 0.061 0.081 0.112 0.051 0.069 44%
VMC 0.0706 0.0742 0.0840 0.0833 0.0855 0.0825 0.0797 9.5%
MF (1) 0.045 0.037 0.037 0.031 0.023 0.030 0.034 32%
MF (2) 0.038 0.038 0.044 0.031 0.011 0.036 0.033 50%
VMC 0.0400 0.0392 0.0414 0.0349 0.0313 0.0330 0.0367 12%
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Fig. 1. Schematic pattern of the bond distribution. Non-equivalent bonds (labelled from 1 to 6) are indicated by different types of lines whose
widths qualitatively reflect the bond magnitudes. Arrows indicate the directions of the small charge currents.
Table 2
Numerical values of the charge densities on the 3 non-equivalent sites (labelled from the center of the 4× 4 pattern) for t/J = 3 and doping
x ≃ 1/8. Average density and relative amplitudes (in %) are provided in the last column.
Site # 1 2 3 n % (±)
MF (1) 0.925 0.864 0.857 0.8776 4%
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